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SOME INEQUALITIES FOR POLYNOMIALS WITH A

PRESCRIBED ZERO

BY

Q. I. RAHMAN AND G. SCHMEISSERt1)

ABSTRACT.   Let f(z) be a polynomial of degree n.  Given that f(z) has

a zero on the circle Izl = p (0 < p < <»), we estimate 1/(0)1 and

«2*rV027ri/VV<*>)1/2

in terms of max|z| _j l/(z)l.   We also consider some other related problems.

1.  Introduction and statement of results.  If f(z) is holomorphic in Izl < 1,

then

(1.1) 1/(0)1 < (± ft" \f(ei9)\2de\il2 < ^rrox l/(z)l

where equality can hold in the two cases only when f(z) is of constant modulus

on Izl = 1. Callahan [3] asked what improvement results in the second inequal-

ity from supposing that /(z) is a polynomial of degree at most « having a zero on

Izl = 1.  He answered the question by showing that if/(l) = 0, then

cu>     (¿ W irV)!**)"" < (jÍtí)"2 lKl i/w¿

For an extension and an alternative proof of (1.2), see [2, p. 46].

As for the inequality between the first and the last quantities in (1.1), it is

known (see [6, p. 364, problem 8.2], and [7]) that

eu) i-a<„   w     <,.a
« max,,, = 1 l/(z)l n

where cx and c2 are constants not depending on « and the supremum is taken

over the class of all polynomials/(z) of degree at most « having a zero on Izl = 1.

It is natural to ask what happens when f(z) is assumed to be a polynomial
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of degree at most n having a zero of modulus p where p is any positive number

not necessarily equal to 1.  In [4, Corollary 3] it was shown that in that case

the first inequality in (1.1) can be replaced by

(1.4) 1/(0)1 <\(^t/ky(t/k)\ (tji* w^a12

which is sharp. Here we estimate \fi0)\ and ((2rr)_1 f*"\f{eie)\2 d9)1'2 in terms

of max|z| = 1 l/(z)l given that/(z) is a polynomial of degree at most n having a

zero on \z\ = p. We also prove some other results of the same nature.

We start with the observation that the constant cx in (1.3) may be taken

to be (7T2)/8 « 1.23 • • • . This value is better than the best value,

■n J-
log   1 -

sinx'
dx,

of cx known [7] so far.

Theorem I. If ¥ is the family of all polynomials of degree at most n hav-

ing a zero on \z\ = 1, then

(1.5) 1
8n

< sup
1/(0)1

Fmax|z|=1 l/(z)l

This is fairly close to the best possible value since the known estimate for

c2, which is not sharp, is approximately 1.

In the other direction we have

Theorem 2. Let f{z) = a0 + axz + • • • + anz" be a polynomial of degree

at most n vanishing at

t = pe'* gfc exp j i ¡p£- v J       (Ki;<n,p>0, 0<<P<2tt).

Then

(1.6)

\a |<   2p     V sinQrv/Qi + 1))

°       n + 1 v=i Vp2 - 2p cos(2mj/(n + 1) - <p) + 1

max
Kk<n

fhv^rik

This inequality is best possible for every admissible pe1*'.

Theorem 3. Letfiz) = aQ + axz -\-1- a^ be a polynomial of degree at most
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« having a zero of modulus p. Denote by on and r„ the smallest positive roots

of the equations

jc" + 1 -2jc + 1 = 0

and

(n + l)xn+2 - (« + 3K+1 + (« + 1> - (« - 1) = 0

respectively.  Then

where

(1.7) c(p) -

la0KcO) max l/(z)l

/        I-P   on+1

„■hüj        «rr.<,<i.

.pc(i/p) n<p.

Remark 1.  For small values of p we obtain

c(p) = p-pn + 1 +0(pn+2).

The polynomial

f(z) = (z-p)(pnz"-l)l(pz-l)

for which

1/(0)1 = (p-pn + 1 + 0(p2n+l)) max  l/(z)l
lz 1 = 1

shows that (1.7) is essentially best possible for small p. The same remark applies

to large values of p. Theorem 1 gives the degree of precision in the case p = 1.

The next result generalizes inequality (1.2).

Theorem 4. Let pn be the (only) root ofx2n+2 - 2x2n+1 + 2x - 1 =0

i« (1, °°) If f(z) is a polynomial of degree at most « having a zero of modulus

p, then

Ü-  (2n W8)\2dd)ll2<y(p)   max    \f(eie)\
w Jo ) o<e<27r

where
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[l'~7Tl'7^jl ifO<p<p-n1orPn<p<~

(1.8)T(P)HV '
I     p-1    4pn+1      X1/2 _,
1 "p + lp2(H+l)-1 ) ÍfP # l and lkS Ín  IP«   ' Pn] *

Remark 2.   Callahan's estimate (1.2) can be obtained from (1.8) by a

limiting process.  For small values of p we get

y{p)=l-pn+0{pn + i).

The polynomial

f(z) = (z- p)(pnzn - Dfipz - 1)

for which

(t- C We)\2do)ll2 =(l-p"+ 0(pn+l))   max     \f(ew)\
\¿Tl ¿O J 0<d<2lt

shows that (1.8) is essentially best possible for small p. The same remark applies

to large values of p.

We will deduce Theorem 4 from the following two results which may be

looked upon as analogues of Theorems 2 and 3 for trigonometric polynomials.

Theorem 5. IfS(d) = a0 + 2"=1 (av cos vd + bv sini>0) is a trigonomet-

ric polynomial of degree at most n vanishing at the pair of conjugate points 0 =

£ ± in (r) * 0), then

s«+*.(1.9) \aQ\<(l-^—-—\— ]       max

77z/s inequality (which extends to r¡ = 0 by a limiting process) is best possible.

Theorem 6. Ifr¡n denotes the positive root of the equation sinh((« + 1)t?)

= 2 sinh(«Tj), then under the hypothesis (and in the notation) of Theorem 5, we

have

l«0Ko(7?)    max    \S(B)\,
o<e<27r

where

(1-10) a(î?)
en -1       1

ev - 1 2

e* + 1 smh((n + 1>?) '"

1-TT7—C ifVn ^ V <
en + i sinh(m?) "
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By limiting process we obtain the sharp estimate

I«0I<(1 -l/(n + 1))   max     \S(d)\,
O«0<2ir

valid for the trigonometric polynomial S(d) = a0 + 2"=1 (av cos vd + bv sin vd)

having a double zero at a real point.

2. Lemmas. Theorem 2 will be deduced from the following:

Lemma 1.   If f(z) = a0 + ajZ + • • • + anz" is a polynomial of degree at

most n vanishing at z = f (f" +1 ¥= I), then for every complex number X,

C1)   * - ¡Ti I. (' -1 exp(-ß,* + I» - ^(-»(' ÜTi))•

Proof.   Since

;o   ifp¥=k,

1    ifii = *.27T Jn

we can write

(2.2) f(z) - ¿ «„( ¿ ** ¿ ST #**» *>\
u=o       \k=0        jL"J° J

Using the identity

JL C2" eHp-k)9 dd=_Uf       (t LLZÄ 2irv\
2itJ0 " + 1„to      \" + 1      /

valid for \p-k\ < «, and rearranging the sums in (2.2), we obtain

(2.3) /(z) = Z«+l      ¿0 z exp(-i2nvl(n + 1)) - 1/yeXP([ «TI 7/

(z"+1^D-

Since /(f) = 0 by hypothesis, we have

«o=/(0W(0)-*/(f)/(r+1-D.

for every complex number X. Using (2.3) to express /(0) and /(f) in terms of

f(exp(i2iwl(n + 1))) (v = 0, 1,...,«) we readily obtain (2.1).

For the proof of Theorem 3 we will also need the second half of the fol-

lowing lemma.  The first half of the lemma will not be needed in the present

paper and we state it only for completeness.

Lemma 2. Let f(z) = a0 + axz+ • • • + anzn be a polynomial of degree at

most n vanishing at f = p > 0.  Then for every complex number X we have:
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(i)  in the case p < 1,

(2-4) a0 = f 2¿2 0 - ^.„(pMe""""),
™*    y=0

and

«o = ̂ Tl |0 JO -^+1,2,(p))/(^p(^-Ti))

-^+i,2,+ i(P)/(exp(i^f))|,

wnere

¿„>) = ¿n>2» = (1 + p)(l - p")/(l - p),

n-l

An,viP) = 1 - P" + 2 X (P; - P") cosiJPTt/n) > 0      (1 < i> < 2n - 1);
/=i

(ii) in the case p > 1,

(2-6) a0 - A S"1 Í1 - (- l)vMn,v{p)Wv1,/"),
2»„=o

and

wnere

5„y(p) - pnAniV(llp)     (0<v< 2n).

Proof.  If /(z) is a polynomial of degree n, then by a formula in [4, Lem-

ma 1] we have (in our notation) for R > 1 and m>n,

i    2m-l

(2.8) /WV) = ¿E   {-irBm¡ll(R)f(e^+^^).
u=0

For R < 1 we consider ¿f(z) = zmfillz) and obtain

2m-l
„(\- e'V>\ = J_   V^    a       lL\jmv f(ei(<P+VLir/m)\
g\R       )     2m ¿0 B™.»\R)e      J{e >'
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i.e.

2m-li    2m—l / 1 \
(2.9)       /^,V)=¿ z RmBm,p[i)fieK,f+iinlm)y

p=0 '

Trivially, or as a special case of (2.3), we have for every k > n + 1,

(2.10) fiO) = j-Z fiei2vi"k).
K v=0

Now put m = n, k = 2n, R = p, ip = 0 and combine (2.10) linearly with (2.8)

and (2.9), respectively, to get (2.6) and (2.4).  In order to get the other formulae

of Lemma 2, let«. = « + l,fc = « + l,Z? = p, </> = 0 and again use (2.8), (2.9)

and (2.10).

The following lemma will be needed for the proof of Theorem 5.

Lemma 3. Let S(6) = a0 + X"=x{av cosfyö) + bv sinf^ö)} be a trigonomet-

ric polynomial of degree at most « vanishing at the pair of conjugate points 6 =

% ± it] (77 =£ 0).  Then for every complex number X, we have

(2.11) a   -  *   2r(l    X (-1)k Vl^-V
°     2»  £o\ e2« - 2e« cos(kir/n) + l)   \     " )

as well as

a° ~ «+~i ZQ [y1 " e2n _ 2ev C0S(2knl(n+ 1 )) + irV + n~+l).

(2.12)
e2r> - 2en cos((2Ä: + 1)tt/(« + 1)) + 1

.s({ + !2i±ik)}.

Proof.  The function S(z) = a0 + 2"=1{ay cos(vz) + bv sin(i'z)} is an

entire function of exponential type «, which is periodic with period 27r and,

hence, bounded on the real axis.  By an interpolation formula of Boas [1, p. 30]

we have for every real cj,

e~iu}S(x + iy) + e'"S(x - iy) = 2   ¿   (- l)kcks(x - s + — )

where

ny Im{ e~'w sin(sn + iyn)}

°k =      (kit - s)2 + n2y2

and
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sn = arg{cos(co + iny)}.

Thus, if co = 0, then s = 0 and

Ctr =-,-T sinh(nv).
k     {kn)2 + (ny)2

Since S(x + knfn) = S(x + (k + 2nj)n/n) for all integral values of j, we get

Six + iy) + S(x - iy) = 2ny sinh(ny)  £ (- l)kdksix + *jf\,

where

1
dk= z

/i^o. (* + 2n/)V + (ny)2 '

Decomposing into partial fractions, we obtain

1 °°   /   1 1    \
-dk=cm)2«, - r2) ,¿L\ r^?! ~ m) '

where

f ! = (-kn + iny)/2nn,    f 2 = ft.

Comparing with the Mittag-Leffler series of the cotangent function, we find that

dk = T^hr icot("fi) - cot(nf2)}

1 e2y - 1

2n2j> e2y - 2ey cos(knfn) + I

Thus, we get the formula

S(x + iy) + S(x-iy) = (¿a, _ ^ ^^

(2"13) .J_V_fcl£_S/X + *SN
2n ^ e2, _ 2e3, cos(itïï/„) + ,    V       n y '

which holds as well if n is replaced by any larger integer,«for a trigonometric poly-

nomial of degree at most n is also a trigonometric polynomial of degree at most

N for every integer N>n. Since for x = %, y = t?, the left-hand side of (2.13)

is zero by hypothesis, we obtain, in particular,
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Furthermore, for every m > « + 1 and all real x, we have

(2.14) a0 = - m£s(x + — ).
m  k=o    \       m  /

Now take m = 2«, x = % in (2.14) and subtract from the right-hand side

the quantity

J_2^ (-1)* /      ktt\

2« feto     e2" - 2e1» cosita/") + 1    \       » /

which is zero according to (2.13') to get (2.11).  In order to prove (2.12) take

m-n+ 1, x = £ in (2.14) and subtract from the right-hand side the quantity

n + 1 fcto    e2n _ 2en cos(A:7r/(„ + 1)) + j   \ç     n + l J

which is zero according to (2.13").

3. Proofs of the theorems.

Proof of Theorem 1. Let Tk(x) = cos(k ate cos x) he the Chebyshev

polynomial of degree k and consider

P(x) = Tk(sin2(n/4k) + x cos2(rrl4k)).

The polynomial P(x) has all its zeros on the unit interval and -1 is one of its

zeros.  Hence,

eikeP(cos6)=g(eie),

where

g(z) = 1Á(cos(nl4k))2k + k(cos(nl4k))2k-2(sin(irl4k))2z + • • •

is a polynomial of degree 2k having all its zeros on Izl = 1 and a double zero at

z = -1.  Besides, maxl,g(z)l on Izl = 1 is equal to 1.  By a theorem of Lax [5],

max l*'(z)| <£.
Izl = l

Now consider the polynomial/*(z) = z2k~1g'(l/z). It is clear that l/*(z)l < k

on Izl = land/*(-l) = 0. Since/*(0) = k(cos(nl4k))2k, we conclude that

1 -4k + 7^<i™<«l^2k<sup    l/(0)',,,
16/c     6144iJ max|zi = 1l/(z)l

where the supremum is taken over all polynomials of degree 2£ - 1 having a zero

on Izl = 1.  From this (1.5) follows for odd degree «.
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That (1.5) holds for even n ( = 2k) can be seen by considering the polyno-

mial

h(z)=f*(z) + -£—2{z + l)z2k-1
6144nz

which is of degree n = 2k. Besides,

it4
ft(0)=/*(0)   and    max   ln(z)l<fc +

lzl=i 3072n¿

so that

\h(0)\ >    {cosnf2n)n    >1_^

max,z| = i \h(z)\ " 1 + 7r4/1536n3 8n*

Remark 3.   Starting with g(zm), the above idea of proof shows that for n

tending to infinity,

1/(0)1
1 + o(l) < sup

max|z| = 1 l/(z)l

if the supremum is taken over all polynomials of degree n having m zeros on

Izl =1 where lim sup,,^«, (m/n) = 0.

Proof of Theorem 2. Putting ? = pe'v and X = pe'v - 1 in (2.1) we

obtain

kJ ='o'-n + l tyH^))\

where

;——- y lc„l  max    /( expii——?v ))
n + l £x   v i<v<n\  \      \ n + l  ))

c =i_e^l-.
pexp(i{<p-2nvl{n + l)))-l

A straightforward calculation shows that

|c |_2p sin(7ry/(n + 1))_

'      (p2 - 2p cos(2nvf(n + 1) - <p) + l)Vi'

By the Lagrange interpolation formula there exists a polynomial of degree at most

n vanishing at pe"p and assuming arbitrarily prescribed values at exp(i2nvf(n + 1))

(1 < v < ri). Hence, we can construct a polynomial for which equality in (1.6)

is attained.

Proof of Theorem 3. Let f(p) = 0 (p > 0) and put M = max(z | _ x \f(z)\.
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From inequality (1.6) we can readily deduce that

(3.1) lflol<^Tl p-fl^      0>>0).

Now let us refer to Lemma 2. It is easily seen that

Bm ,o0°) > Bm,piP)       (P > 1, 0 < M < 2m).

Hence, putting X equal to l/Bn 0(p), l/Z?„ + 1)0(p) in (2.6), (2.7), respectively,

we obtain on the one hand

(3.2)

1      /l 2v
= Mi1-«J^í¿2f1(-i)^>))|

and on the other

(3.3) lanl<-^-  y \(i-ÍLtlAM\+?n±LlZ±Ml
0        " + lh\[        *n+1,0ÍP))+     Bn+UQ(p)      \

Applying (2.8) with ». = « to /(z) =1 we obtain

¿2f1(-DX>)=l.
in   v=0

so that (3.2) becomes

(3-4) ^<^-^x-~)m     (Kp<-).

Again applying (2.8) with m = « + 1, y = 0 to the functions z"+1 + 1, z"+1 -

1, respectively, we get

¡PTi Z^+i,2» = p"+1 + i." T x i>=0

"  T   X  K=0

which may be substituted in (3.3) to give us

(3.5) K\^.^_2^M     (1<p<eo).
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Applying (3.4), (3.5), respectively, to the polynomial ipz - l)/(z)/(z - p),

we obtain

(3.6) \a0\<(p-\^f^\M     (0<p<l),

(3.7) \a0\<(p-\lPßi2^M     (0<p<l).

In case p < 1 we have three different estimates for la0l at our disposal,

namely (3.1), (3.6) and (3.7).  Similarly, each of the three inequalities (3.1), (3.4)

and (3.5) provides us with an estimate for la01 if p > 1.  All these estimates can

be extended to the case p = 1 by continuity. Comparing the various estimates for

la01 and picking out the best for a given p we obtain the result stated in Theorem

3.

Proof of Theorem 5. Applying identity (2.13) to %einz + 1), %einz - 1),

respectively, and putting x = 0, y = t¡ we obtain

(3.8) J_ "y _Î_= i     cosh(nr?) + 1

2" fc=o e2T) - 2e" cos(2knfn) + 1     2 (e2r> - 1) sinh(nT/)'

(3.9) iy   _î_ 1      cosher?) - 1

2n ¿0 e2r, _ 2ei Cos((2/fc+ l)7r/n) + 1    2 (e2* - 1) sinh(nT?)'

Now (1.9) is easily obtained if we choose X equal to (en - l)2 in (2.11) and then

make use of the summation formulae (3.8), (3.9).

As is known from interpolation theory, there exists a trigonometric polyno-

mial of degree n vanishing at the points % ± it? and assuming the value 1 at % +

knfn (1 < k < 2n - 1). It is easy to see that for this trigonometric polynomial,

the sign of equality in (1.9) will be obtained.

Proof of Theorem 6. We can always replace max1<fc<2„_1 I5(£ + knfn)\

in (1.9) by max0<9<27r 15(0)I. But we can improve upon this bound if 0 < tj <

t?„ by putting X = (en - l)2 in (2.12) and estimating la01 with the help of (3.8)

and (3.9).

Proof of Theorem4.   Note that 5(0) - l/(e,9)l2 is a real trigonometric

polynomial of degree at most n having a pair of conjugate zeros with imaginary

parts ± log p. Furthermore, the constant term of 5(0) is (27r)_1 tf"\f(eie)\2d9.

Hence, the result follows from Theorem 5.
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